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Disrete analogues of the Dixmier operators
À.Å. Ìironov
1 Introdution and main results
In this paper we onstrut disrete analogues of the Dixmier operators, that
is, ommuting differene operators orresponding to a spetral urve of genus
1 whose oeffiients are polynomials of the disrete variable n.
The theories of ommuting ordinary differential operators and ommuting
differene operators have a lot in ommon, therefore, to begin with, we reall
some fundamental results onerning ommuting differential operators.
Aording to the Burhnall-Chaundy Lemma [1℄, if the two differential
operators
L1 =
dn
dxn
+un−1(x)
dn−1
dxn−1
+. . .+u0(x), L2 =
dm
dxm
+vm−1(x)
dm−1
dxm−1
+. . .+v0(x)
ommute, then there exists a nonzero polynomial Q(λ, µ) of two ommuting
variables λ, µ, suh that
Q(L1, L2) = 0.
On the plane C2 with the oordinates (λ, µ) this polynomial defines the spe-
tral urve
Γ = {(λ, µ) ∈ C2 : Q(λ, µ) = 0}.
Suppose that Γ be a smooth urve. Considering some ommon eigen-funtion
ψ of the operators L1 and L2, one an show that the orresponding eigen-
values λ and µ are onneted by a polynomial relation Q(λ, µ) = 0 (see
[2℄). Thus, the spetral urve parametrizes the ommon eigen-funtions and
eigenvalues of L1 and L2
L1ψ(x, P ) = λψ(x, P ), L2ψ(x, P ) = µψ(x, P ), P = (λ, µ) ∈ Γ.
The rank of operators L1, L2 is alled dimension of spae of ommon eigen-
funtions with fixed eigenvalues (λ, µ) ∈ Γ.
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In the ase of operators of rank l = 1, one an find the funtion ψ(x, P )
(Baker-Akhiezer funtion) in expliit form by means of the theta-funtion of
the Jaobi variety of the urve Γ, and in this ase the operators' oeffiients
are easily found. Krihever [2℄ gives a lassifiation of operators of rank l > 1.
But the problem of finding the operators' oeffiients is not solved in the
general ase. The following partiular results relating to operators of rank
more than 1 are known: Dixmier [3℄ found examples for operators of rank 2
orresponding to an ellipti urve with polynomial oeffiients
L1 =
(
d2
dx2
− x3 − α
)2
− 2x,
L2 =
(
d2
dx2
− x3 − α
)3
−
3
2
(
x
(
d2
dx2
− x3 − α
)
+
(
d2
dx2
− x3 − α
)
x
)
,
where α is some onstant. Krihever and Novikov [4℄ found all operators of
rank 2 orresponding to the ellipti urve, and Grinevih [5℄ found spetral
data orresponding to operators with rational oeffiients. Mokhov [6℄ found
operators for l = 3, also orresponding to the ellipti urve. In [7℄ and [8℄,
we found examples for operators with rank 2 orresponding to the urve of
genus g = 2, amongst whih there are operators with polynomial oeffiients,
and also formally self-adjoined operators.
As for smooth operators, for ommuting differene operators of the form
L1 =
N+∑
N
−
ui(n)T
i, L2 =
M+∑
M
−
vi(n)T
i,
where n ∈ Z is a disrete variable, and T  the shift operator on the disrete
variable
Tf(n) = f(n+ 1),
there exists a spetral urve Γ given inC2 by a polynomialQ(λ, µ), parametri-
zing their ommon eigen-funtions and eigenvalues
L1ψ(n, P ) = λψ(n, P ), L2ψ(n, P ) = µψ(n, P ), P = (λ, µ) ∈ Γ.
Define the rank of operators L1 and L2 in the same way as for the smooth ase
as a dimension of spae of ommon eigen-funtions in the point in general
position P ∈ Γ. One of the basi differenes between the disrete and the
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smooth ase onsists of the following. Any ommutative ring of ordinary
differential operators is isomorphi to a ring of meromorphi funtions on the
algebrai urve with pole only in the point Q ∈ Γ, whereas any ommutative
ring of differene operators is isomorphi to a ring of meromorphi funtions
on the algebrai urve with m poles, where m an be any natural number
[9℄. Suh operators are alled m-point operators.
Mumford [10℄ and Krihever [11℄ found spetral data orresponding to
two-pointed operators of rank 1.
In this paper we will onsider only single-pointed operators. For l > 1,
finding the funtion ψ(n, P ) redues to solving a Riemann problem, and it
an not be found in the expliit form. Krihever and Novikov [9℄ (see also
[4℄) suggest a method for finding the operators' oeffiients alled method
of Turin parameters deformation, and this method does not require to find
ψ(n, P ). They show that the operators' oeffiients an be restored from solu-
tions of equations on Turin parameters of holomorphi stable vetor bundles
that are uniquely given by funtion ψ(n, P ), with the operators' oeffiients
depending on arbitrary l of funtional parameters. Namely, they show that
in order to restore the operators' oeffiients it suffies to find the matrix
funtion
χ(n, P ) = Ψ(n+ 1, P )Ψ−1(n, P ),
where Ψ(n, P ) is a Wronski matrix (see below) built on some basis in the
spae of ommon eigen-funtions. Applying this method, Krihever and Novi-
kov found operators of rank 2 orresponding to the ellipti urve. Simultane-
ously, the operators' oeffiients are expressed by ζ and ℘-Weierstrass funti-
ons of two funtional parameters.
In this paper we show spetral data for operators of rank 2 orrespond-
ing to the ellipti urve and whose oeffiients are expressed by elementary
funtions of funtional parameters. In partiular, we find operators that have
polynomial oeffiients, just like the Dixmier operators.
We an assume the affine part of the spetral urve Γ to be given in C2
with the oordinates (z, w) by equation
w2 = F (z) = z4 + c2z
2 + c1z + 1.
Take Q = (0, 1) ∈ Γ as preferred point. Q = (0, 1) ∈ Γ (the ring of
ommuting differene operators will be isomorphi to a ring of meromorphi
funtions on Γ with pole in Q). The urve Γ allows a holomorphi involution
σ : Γ→ Γ, σ(z, w) = (z,−w).
3
At l = 2 the matrie χ(n, P ), P = (z, w) ∈ Γ has the form
χ(n, P ) =
(
0 1
χ1(n, P ) χ2(n, P )
)
.
We onsider the ase where the involution σ does not hange χ1, e.g.
χ1(n, P ) = χ1(n, σ(P )), P ∈ Γ. (1)
Then, the following holds:
Theorem 1 The funtions χ1(x, P ) è χ2(x, P ) have the form
χ1(n, P ) =
c(n)
z − γ(n)
+
c(n)
γ(n)− γ(n + 1)
,
χ2(n, P ) =
1
2z
+
a(n)
2(z − γ(n))
+
wγ(n)
2z(γ(n)− z)
+ d(n),
where
c(n) =
γ(n− 1)(a2(n)− F (γ(n))
4γ(n)(γ(n)− γ(n− 1))
, (2)
d(n) =
(a(n + 1)− 1)γ(n) + (a(n) + 1)γ(n+ 1)
2(γ(n)− γ(n + 1))γ(n+ 1)
,
γ(n), a(n) are arbitrary funtions of the disrete variable n ∈ Z.
The funtion λ1(z) on the urve Γ, with the only seond-order pole in Q,
looks as follows:
λ1 =
1
2z2
+
c1
4z
+
w
2z2
.
Let bi(n), ei(n), pi denote the series deomposition oeffiients of funtions
χ1, χ2, and λ1 in the neighbourhood of Q:
χ1(n, z) = b0(n) + b1(n)z + . . . , χ2(n, z) =
1
z
+ e0(n) + e1(n)z + . . . ,
λ1 =
1
z2
+
p1
z
+ p0 + . . . , p0 = −
c21
16
+
c2
4
, p1 =
c1
2
.
The oeffiients bi, ei, i = 0, 1 are expressed by γ(n), and a(n) by formulae
(6)(9).
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Corollary 1 The operator L(λ1) has the following form
L(λ1) = T
2 + u1(n)T + u0(n) + u−1(n)T
−1 + u
−2(n)T
−2,
where
u1(n) = p1 − e0(n)− e0(n + 1),
u0(n) = p0 − b0(n)− b0(n+ 1)− p1e0(n) + e
2
0(n)− e1(n)− e1(n+ 1),
u
−1(n) = −b1(n) + b0(n)
(
−p1 −
b1(n− 1)
b0(n− 1)
+ e0(n− 1) + e0(n)
)
,
u
−2(n) = b0(n)b0(n− 1).
The basi result of this work onsists of the following:
Theorem 2 If we put the funtion parameters a(n), γ(n) equal to
a(n) = n+ 1, γ(n) = n,
then the operators will have oeffiients polynomial on n. At the same time,
L2 = T
2 + 2(n+ 2)T −
(
n4
2
+ n3 −
1
2
(1− c2)n
2 −
1
2
(8− c1 − c2)n
)
−
−
1
2
(n3 + (c2 − 1)n+ c1 − 2)(n
2 + n− 1)T−1+
1
16
(n3+(c2−1)n+c1−2)(n
3−3n2+(2+c2)n+c1−c2−2)(n+1)(n−2)T
−2.
In Theorem 2 we do not list the third order operator due to its bulkiness.
Let's look at an example. Let a spetral urve be given by the equation
w2 = z4 + z2 + 1,
then
L2 = T
2 + 2(n+ 2)T −
1
2
(
n4 + 2n3 − 7n− 5
)
−
1
2
(
n3 − 2
) (
n2 + n− 1
)
T−1
+
1
16
(
n3 − 3n2 + 3n− 3
)
(n+ 1) (n− 2) T−2,
L3 = T
3 +
(
3n +
15
2
)
T 2 −
3
4
(
n4 + 4n3 + 5n2 − 8n− 14
)
T
5
−
3
4
(
2n5 + 7n4 + 10n3 + n2 − 12n− 5
)
+
3
16
(
n8 − 2n6 − 12n5 − 3n4 + 10n3 + 20n2 + 6n− 12
)
T−1
+
3
32
n
(
2n2 − n− 5
) (
n6 − 3n5 + 3n4 − 5n3 + 6n2 − 6n+ 6
)
T−2−
1
64
(n− 3)
(
n2 − 1
) (
n3 − 2
) (
n3 − 6n2 + 12n− 10
) (
n3 − 3n2 + 3n− 3
)
T−3.
In [7℄ and [8℄, we use an analogue of redution (1) in the smooth ase in
order to find ommuting differential operators of rank 2, genus 2.
In setion 2 we reall the Krihever-Novikov equation [9℄ on the disrete
Turin parameters dynamis and give formulae for oeffiients of operators of
rank 2, genus 1 that are expressed by ζ and ℘-Weierstrass funtions.
In setion 3, theorems 1 and 2 are proven.
2 Krihever-Novikov equations on the disrete
dynami of the Turin parameters
As noted above, for l > 1 funtion ψ(n, P ) annot be found in its expliit
form. Let Ψ(n, P ) denote a Wronski matrie Ψij(n, P ) = ψj(n + i), where
ψj(n, P ), 1 ≤ j ≤ l is some basis in the spae of ommon eigen-funtions. As
shown in [9℄, the number of zeros of funtions detΨ(n, P ) equals lg, where
g is the genus of Γ. Denote them by γ1(n), . . . , γlg(n). By αj(n) we denote
vetors where
αj(n)Ψ(n, γj(n)) = 0.
These vetors are defined up to proportionality. The set (γj(n), αj(n)) is
alled Turin parameters. The Turin parameters uniquely define a stable holo-
morphi bundle of rank l on the urve Γ. The following theorem, proven in
[9℄, defines the disrete dynamis of Turin parameters.
• The matrix funtion χ(n, P ) has simple poles in points γj(n). The re-
lations on the residues of the matrix elements
αjsResγs(n)χ
mi(n, P ) = αis(n)Resγs(n)χ
mj(n, P ) (3)
do hold.
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The points γs(n+ 1) are zeros of the matrix determinant χ(n, P ), e.g.
detχ(n, γs(n+ 1)) = 0. (4)
The vetor αj(n+ 1) satisfies the equation
αj(n + 1)χ(n, γj(n + 1)) = 0. (5)
Exept for the poles γj(n) one of the omponents χ has a simple pole in
the preferred point Q.
As follows from the Riemann-Roh theorem, χ(n, P ) is uniquely restored
by the Turin parameters (γj(n), αj(n)) and by l arbitrary funtional parame-
ters.
This theorem enables us to find operators of rank 2 orresponding to an
ellipti urve. Below, we give the aording theorem, for simpliity only for
the ase where a holomorphi involution on an ellipti urve swithes the
loation of the poles of funtion χ1. We give the ellipti urve Γ as a fator
C/Λ, where Λ is some lattie in C and let z be a oordinate in C. Assume
that points γ1(n) and γ2(n) are interhanged by a holomorphi involution on
Γ
σ(γ1(n)) = γ2(n),
where σ(z) = −z. The following theorem was proven in [9℄.
• The operator orresponding to funtion ℘(z) has the form
L = L22 − ℘(γ(n))− ℘(γ(n− 1)),
where
L2 = T + v(n) + c(n)T
−1,
c(n + 1) =
1
4
(s2(n)− 1)F (γ(n+ 1), γ(n))F (γ(n− 1), γ(n)),
v(n + 1) =
1
2
(s(n)F (γ(n+ 1), γ(n))− s(n + 1)F (γ(n), γ(n+ 1)),
F (u, v) = ζ(u+ v)− ζ(u− v)− 2ζ(v),
s(n), γ(n) are arbitrary funtional parameters.
As an be seen from the formulae for the oeffiients of operator L, the
oeffiients are expressed by funtion parameters s(n) and γ(n) applying
the ℘ and ζ- Weierstrass funtions. In orollary 1 and theorem 2 we found
onditions for these oeffiients being elementary funtions and, in partiular,
polynomials.
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3 Proof of theorems 1 and 2
As follows from our assumption on the invariane χ1(n, P ), P = (z, w) ∈ Γ
under the ation of involution σ, χ1(n, P ) has the form
χ1(n, P ) =
c(n)
z − γ(n)
+ d0(n),
where c(n), γ(n) and d0(n) are some funtions of a disrete variable. Note
that funtion χ1(n, P ) has poles in
P (n) = (γ(n),
√
F (γ(n)), σP (n) = (γ(n),−
√
F (γ(n)).
From equalities (4), being equivalent in our ase to
χ1(n, P (n+ 1)) = χ1(n, σP (n+ 1)) = 0
get
χ1(n, P ) =
c(n)
z − γ(n)
+
c(n)
γ(n)− γ(n + 1)
.
Look for funtion χ2 in the form
χ2(n, P ) =
1
2z
+
a(n)
2(z − γ(n))
+
wγ(n)
2z(γ(n)− z)
+ d(n),
where a(n) and d(n) are some funtions. Note that χ2(n, P ) has poles in
points P (n), σP (n) and Q, moreover ResQχ2 = 1.
Vetors α1 and α2 are defined up to proportionality, therefore we an
assume them to have the form
α1(n) = (a1(n), 1), α2(n) = (a2(n), 1).
Then from (5) we get
a1(n) = −χ2(n− 1, P (n)) =
1
2γ(n)
+
a(n− 1)
2(γ(n)− γ(n− 1))
+
√
F (γ(n))γ(n− 1)
2γ(n)(γ(n− 1)− γ(n))
+ d(n− 1),
a2(n) = −χ2(n− 1, σP (n)) =
8
12γ(n)
+
a(n− 1)
2(γ(n)− γ(n− 1))
−
√
F (γ(n))γ(n− 1)
2γ(n)(γ(n− 1)− γ(n))
+ d(n− 1).
Further, the residues of funtions χ1 and χ2 in poles P (n) and σP (n) are
equal to
ResP (n)χ1 = ResσP (n)χ1 = c(n),
ResP (n)χ2 =
1
2
(a(n)−
√
F (γ(n)),
ResσP (n)χ2 =
1
2
(a(n) +
√
F (γ(n)).
From equalities (3), in our ase taking the form
ResP (n)χ1 = a(n)ResP (n)χ2,
ResσP (n)χ1 = a(n)ResσP (n)χ2,
get
c(n) =
γ(n− 1)(a2(n)− F (γ(n))
4γ(n)(γ(n)− γ(n− 1)
,
d(n) =
(a(n + 1)− 1)γ(n) + (a(n) + 1)γ(n+ 1)
2(γ(n)− γ(n + 1))γ(n+ 1)
.
Thus, theorem 1 is proven.
Now find the oeffiients of operator L2 as follows. Express ψ(n + 2, P )
and ψ(n−2, P ) by ψ(n−1, P ), ψ(n, P ), χ1 and χ2. For this use the identity
ψ(n+ 1) = ψ(n− 1)χ1(n) + ψ(n)χ2(n)
from whih
ψ(n+ 2) = ψ(n− 1)χ1(n)χ2(n+ 1) + ψ(n)(χ1(n+ 1) + χ2(n)χ2(n + 1)),
ψ(n− 2) = −ψ(n− 1)
χ2(n− 1)
χ1(n− 1)
+
ψ(n)
χ1(n− 1)
.
Now replae T 2ψ(n) and T−2ψ(n) in equation
L2ψ = (T
2 + u1(n)T + u0(n) + u−1T
−1 + u
−2T
−2)ψ(n) = λ1ψ(n)
by orresponding expressions. Get
P1(n, P )ψ(n, P ) + P2(n, P )ψ(n− 1, P ) = λ1ψ(n, P ),
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where
P1(n) = χ1(n + 1) + χ2(n+ 1)χ2(n) + u1(n)χ2(n) + u0(n) +
u
−2(n)
χ1(n− 1)
,
P2(n) = χ2(n+ 1)χ1(n) + u1(n)χ1(n) + u−1(n)− u−2(n)
χ2(n− 1)
χ1(n− 1)
.
In the spae of ommon eigen-funtions of operators L2 and L3 we an hose
a basis ψ1 and ψ2 normalized by onditions
ψ1(n0, P ) = 1, ψ2(n0, P ) = 0,
with funtions χ1, χ2 not depending on normalization points n0 (see [9℄),
onsequently, we have the identities
P1(n, P )− λ1 = 0, P2(n, P ) = 0.
Now, having found in theorem 1 the funtions χ1 and χ2, find the oeffiients
ui(n) of operator L2 from the series deomposition P1 − λ1 and P2 in the
neighbourhood of point Q.
The series deomposition oeffiients bj , ej of funtions χ1 and χ2 in the
neighbourhood of Q are expressed by the funtional parameters a(n) and
γ(n) aording to formulae
b0(n) =
γ(n− 1)γ(n+ 1)(F (γ(n))− a2(n))
4(γ(n− 1)− γ(n))(γ(n)− γ(n+ 1))γ(n)2
, (6)
b1(n) =
γ(n− 1)(a2(n)− F (γ(n))
4(γ(n− 1)− γ(n))γ3(n)
, (7)
e0(n) =
1
2
(
c1
2
+
1
γ(n)
−
a(n)
γ(n)
+
(a(n + 1)− 1)γ(n) + (a(n) + 1)γ(n+ 1)
(γ(n)− γ(n+ 1))γ(n+ 1)
)
, (8)
e1(n) =
8− 8a(n) + 4c1γ(n)− (c
2
1 − 4c2)γ
2(n)
16γ2(n)
. (9)
Analogially, find the operator orresponding to a meromorphi funtion with
one third order pole in Q. Diret verifiation yields that for
a(n) = n+ 1, γ(n) = n
10
the operators' oeffiients are polynomials on n. Thus, theorem 2 is proven.
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